ON THE DISTRIBUTION OF THE CHARACTERISTIC VALUES
AND SINGULAR VALUES OF LINEAR
INTEGRAL EQUATIONS

BY
SHIH-HSUN CHANG

Introduction. The order of magnitude of the characteristic values us [K]
of the kernel K(x, y) of a linear integral equation has been discussed by many
writers, including Fredholm [4](%), Mercer [11], Schur [12], Weyl [17, 18],
Lalesco [9], Mazurkiewicz [10], Carleman [1, 2], Gheorghiu [5], and Hille
and Tamarkin [8]. The order of magnitude of the singular values M\ [K ], that
is, E. Schmidt’s characteristic values for non-symmetric kernels, was first
discussed by Smithies [13].

It is natural to ask whether there is any relation between the orders of
magnitude of the characteristic values and the singular values of a non-
symmetric kernel when both sets of values are infinite in number.

We recall that u is a characteristic value of the real L? kernel K(x, y) if
there is a real non-null L? function ¢(x) such that

b
6(x) = u f K(, )$(3)dy,

and that X is a singular value of the same kernel if there exist real non-null L?
functions ¢(x), ¢(x) such that

b b
8 = [ K w0, v = [ ko 6703.

When K(x, y) is complex, the functions ¢(x) and y(x) may be complex, and
the last equation above is replaced by

b
v(a) = [ ROy as()dy.

In a forthcoming paper, I shall show that for normal kernels, that is, L?
kernels satisfying the condition

b b
KK’ =f K(x, s)K(y, s)ds =f K(s, x)K(s, y)ds = K'K,

the characteristic and singular values, when arranged in the usual way, satisfy
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(*) Numbers in brackets refer to the references cited at the end of the paper.
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| ua| = | Al (h=1,2---).

The present paper consists of two parts. In part I, the following three
theorems are proved:

THEOREM 1. Let {us[K ]} and {M[K] } be the sequences of characteristic and
singular values, respectively, of the L? kernel K(x, v), so that

b b
f f | K(x, y) |2dxdy < =.

Then the convergence of the series

ol 1
1) -
( & TIETT
Jor a positive value of T implies the convergence of the series
hd 1
2) > T
1 | K]

Jor the same value of 7.

THEOREM 2. The converse of Theorem 1 is not true in general; in other words
there exist L? kernels K(x, y) for which (2) is convergent but (1) is divergent.

THEOREM 3. Suppose K(x, v) is a real L* kernel, and

0

Dxx'(\) = 2 (—1)"C.A"

n=0
is the Fredholm determinant of

KK'(x, y) = fbK(x, s)K(y, s)ds;

a necessary and sufficient condition for the convergence of the series

hd 1
1/ —_—
@ hz=:1 | M[K] e ’
where 0 <p <2, is that the series
®) 2| Calerzn
n=1

be convergent.

In part II of the paper, I apply the same methods to a different problem,
obtaining some interesting results about composite kernels, that is, kernels
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of the form K(x, y) = K1Ks(x, y), where we write
b
K1Ky(x, y) = f Ki(x, s)Ka(s, y)ds;

we also write K1K:K(x, y) = (K1K3)Ks(x, ¥), and so on. In an earlier paper
[3], I showed that a sufficient condition for an L? kernel K(x, ¥) to be ex-
pressible in the form K K, - - - Kn(x, ), where K3, - - -, K,, are L? kernels,
is that

hd 1

=

it | M[K][2m
I can now show that this condition is also necessary. In other words we have:

THEOREM 4. Suppose K(x, y) =K1K, « + - Ku(x, y), where each K;&EL?
(6=1,2, - - -, m). Let {M[K]} be the sequence of singular values of K(x, y);
then

<+ »

i 1

=

- < »
Pl DV RE
As a corollary of Theorems 1 and 4, we obtain:

THEOREM 5. If {ui[K]} is the sequence of characteristic values of a kernel
K (x, y) satisfying the-conditions of Theorem 4, then
kel 1
E - -
it | K] [pm
This is a generalization of Lalesco’s result [9] that for any composite
kernel

< ©

© 1
_— < o,
Z Talsl]

Lalesco’s proof was not applicable to L? kernels, for which the result was
proved by Gheorghiu [5] and Hille and Tamarkin [8]. We also prove:

THEOREM 6. If K(x, ¥) is a Pell kernel, that s,
b
K ) = [0 916, s,

where Q(x, y) is a semi-definite continuous symmetric kernel, and L(x, ¥) is a
symmetric L? kernel, then

i 1 hd 1

2 <o, 3

P - <
r=BEWISIEE = Twlk e =7
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More generally, the conclusions still hold if L(x, y) is an arbitrary L? kernel.

Other applications will be found in the Appendix.
I wish to thank Dr. F. Smithies for valuable criticism and encouragement
throughout this work.

PART I. GENERAL KERNELS
1.1. Preliminary lemmas.

LEMMA 1. Let f(2) be an integral function whose zeros (repeated according to
their multiplicities) are 21, 2o, + - -, Where |z;.| =, 0<n=r:< - - . Let n(r)
be the number of zeros of f(2) such that r, <r and write

M@ = M(r;]) = max | 7@ .

Then:
(1) If >0, the convergence of the integral
> n(r)
@) fo e dr
1s necessary and sufficient for the convergence of the series
() >
h=1
(1i) If 7>0, the convergence of the integral
* log u(r
© f log u)
R « '1+‘r

where a>0, is a sufficient condition for the convergence of the integral (4).

(iii) If the order p of the integral function f(2) is not an integer, the con-
vergence of the series (5) for T =p is necessary and sufficient for the convergence of
the integral (6) for T=p.

In order to state the remainder of this lemma, we require some definitions.

Let f(2) = Y _m o aa2" be the Maclaurin series of f(z); we write log Ia,,l = —g,,
Then lim,.., |@.|Y*=0, so that -
Q) ~ lim (ga/n) = + .

n—rc0

Plot the points 4, with coordinates (7, g.) in the (x, y)-plane. By (7), we can
construct a Newton polygon(?) having certain of the points 4, as its vertices
whilst the remainder lie either on or above it. We denote this polygon by
7(f). Let G. be the ordinate of the point of abscissa # on the curve 7(f); the

() J. Hadamard [6, p. 174].
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ratio R,=e%—6»1 is then called the rectified ratio(*) of |@n| to |aa|.
We can now complete the statement of Lemma 1 as follows:

(iv) If f(2) s an integral function of finite order, and >0, a necessary and
sufficient condition for the convergence of the integral (6) is that the series

* 1
(8) >

T
n=1 Rn

be convergent.

(v) If f(2) is an integral function whose order p is not an integer, a necessary
and sufficient condition for f(2) to be of convergent class, that is, for the series (5)
to be convergent when T =p, is that the series

1
8’
) =

be convergent.

Proof. See Valiron [14, pp. 258-265].
REMARK. If the coefficients of the integral function f(z)= D .o @a3"
satisfy the condition
al ol

|ao| — |aa|

Q

)

v

the rectified ratio of |@.—1| to | a.| is given by

R” = ¢nIn—1 = l an—l] .
‘ | @]
For, if (9) holds, we have
L N L

)
| Gm—t | | Gm—1]
whence '

8m — Em—1 = gm—l - Em-2,

that is, the slope of the joins of successive points 4, increases with #. It fol-
lows without difficulty that all the points A4, actually lie on the Newton
polygon, whence the result follows.

LeMmMA 2. If f(2) 4s an integral function of genus zero, and 0 <t <1, a neces-
sary and sufficient condition for the convergence of the series (5) is the convergence
of the integral (6).

(® G. Valiron [15, p. 30].
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Sufficiency follows at once from Lemma 1, (i) and (ii).
If (5) is convergent, the exponent of convergence p of f(2) satisfies p =7 <1.
Since the genus of f(2) is 0, f(2) is a canonical product, and we have

@ = T(1-2).

h=1 Zh

By Borel’s inequality (%),

© p(x)dx
logM(r;f)éArf e
A r1 x(x + r)
where A4 is a positive constant; hence
r log M(x; T d © pn(x)dx
(10) f g(f)d<Af dy _n(x)dx
« att « noa(x+ )

Since the integrands on the right-hand side in (10) are non-negative, we can
invert the order of integration; putting y={x, we then obtain

f' log M(x)dx < Af“ n(x)U(x)dx

xtr xltr

’
1

where

rlz dt © dt .
U(x)=f —<f =" <.
oz (14 0) o (1419 sin 7w
Since (5) is convergent, we can use Lemma 1 (i); hence

f’ log M(x)dx< A f” n(x)dx

]
xltr

xltr = sinrr
a finite number independent of . The integral (6) is therefore convergent.

COROLLARY. If f(2) is an integral function of genus zero, and 0<7<1,
the series (5) converges if and only if the series (8) converges.

Proof. This is proved by Lemma 1 (iv) and Lemma 2.
LEMMA 3. Let K(x, y) be a real L? kernel, let

b b
K*(x, y) =f K(x, s)K(s, y)ds, KK'(x, y) =f K(z, s)K(y, s)ds,

and let Dgx(\) and Dix:(\) denote the Fredholm determinants of K*(x, y) and
KK'(x, v), respectively. Write

(4 G. Valiron [15, p. 53].
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M(r; K?) = Ilnax | Drs(V) |, M(r; KK') = max | Dgx:(\) .

A =r M=
Then
M(r; K?) £ M(r; KK').
Proof. See Hille and Tamarkin [8, p. 36, Lemma 6.7].
LemMA 4. Suppose that

n

a4 ot - o= ] (2 + an)

h=1

where ay, as, - - + , Q, are positive numbers. Then

(11) Cro17Crp1 S cf.

Proof. See Hardy, Littlewood, and Pélya [7, pp. 51-55].

COROLLARY 1. If a1, as, - - -, @, are positive, and D anan, - - - an, s the
elementary symmetric function of order r of ay, @s, + - -, @n, then

(2 am@ny - -+ an, (20 am@ny - - - an,y) S (20 anany - - - an,)%

1 1 1 2
r— ) )= ()
Apy@hy * * * Chy_y Ap@hy * * * Qhyy, Qny@n, * -+ Ga,

COROLLARY 2. If @y, as, - - -, a, are positive, and

f(x) =1- plx—{- P2x2 —_— . + (_l)npnxn = I"I(l — __x__)’

i=1 a;

then

(11) Prosbrsr — pr < 0.

LEMMA 5. Let K(x, ) be a real L? kernel with infinitely many singular values
MIK] (B=1,2, - - - ), and let

DKK'()\) = i (-—1)"67,)\"

be the Fredholm determinant of the symmetric kernel

b
KK'(x, v) =f K(x, s)K(y, s)ds.

Then the coefficients c, are all positive, and satisfy the inequality

(12) Cnlmey S Omet (m=23---).
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It is known (%) that each singular value \; is real and that
had A
(13) Dgg:/(\) = H(l -=)
he1 Ak
Hence, for every positive integer 7,
1

¢ = —— > 0.
hl-hz'z""hr )\'211)\'3: ttt A'?r
To prove (12), we consider the function
N A
fa@) = H(l - F) =1— AN+ 4N — -+« + (=1)VAx\.
h=1 h

By Lemma 4, Corollary 2,

ApApy < Amy (m=273---),

where we write A¢=1, and A,=0 when m>N. Since the infinite product
(13) is uniformly convergent in any bounded portion of the A-plane, An—>¢m
when N—  ; hence,

2
CmCm—2 S Cm—1 m=23--:),

the required result. »

1.2. Proof of Theorem 1. When 7=2, the series (1) and (2) are both
known to.be convergent. We therefore need consider only the case when
0<r<2. . o '

By the set of characteristic values {us[K] } of K(x, y) we mean the zeros,
repeated according to their multiplicities, of the Fredholm determinant
Dg(N\) of K(x, v), arranged so that l#ll = qul < ---.

By a known result(®),

- m[K?] = (m[K])? (h=12---).
Also, if {M[K] } is the set of singular values of K(x, y), arranged in the same
way, then
M[KD? = mi[KK').

Now suppose that (1) is convergent, where 0 <7<2, and write t=7/2;
then

0

——_< ,
PRI

(5) G. Vivanti [16, pp. 192-193] or Hille and Tamarkin [8, p. 29].
(*) Hille and Tamarkin [8, p. 37].




1949] DISTRIBUTION OF THE CHARACTERISTIC VALUES 359

where 0<¢<1. Hence, by Lemma 2,
.f“’ log M(r; KK’)

ylte dr < + =,

and so, by Lemma 3,

® log M(r; K2
f log M(ri K%) 1« 1 .

ritt

Applying Lemma 2 again, we have

hd 1
<t
Z Talell
that is,
<t o,
1»2 L [KT|"

the required result.
1.3. Proof of Theorem 2. Consider the kernel

®. cos 2hx-cos 2hy © cos (2k 4+ 1)x-sin 2k + 1)y
)

Kz, y) ~ 3 28 28708 41
(® 3) ,E an? +,§ 25+ 1

where the symbol ~ indicates that the series on the right are convergent in
mean (with index 2). Evidently K(x, y) is an L? kernel; we write it in the
form

K(x: y) = A(x’ 3’) + B(x, y)9

where o
®. cos 2hx-cos 2hy
A, y)~), ———=
(, 9) El 7o . |
® - ¢os(2k + 1)x-sin (28 + 1)y
B(z, y) ~ . .
(@ 7) ;.;1 S 2k 4+ 1

Then AB(x, ) =0, BA(x, ¥) =0, and B*(x, y) =0. It follows that B(x, y) has
no characteristic values, and that -

ulK] = pald] = am (h=1,2---).
‘Hence , ,
L) 1 . [ 1
Z E < 4 .,

h=1 lllh[K]l = ha=1 m
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On the other hand, the set of singular values is
3,2%5,7,---,15,4% 17,19, - -+, 35,6% 37, - -«

and the series D _p; 1/ [ )\h’[K]I is clearly divergent. Our theorem is therefore
proved.

1.4. Proof of Theorem 3. By Lemma 5, ¢,>0 for all #, and the sequence
{c,./c,,_l} is monotone decreasing; hence by the remark to Lemma 1, the
rectified ratio of |c.| to |ca| is

Cn—1 Cn—1

R, =

Cn Cn

Now, by (13), Dkk:(\) is of genus zero; consequently, by the corollary to
Lemma 2, the convergence of the series

0 1 © Cn pl2
% 2(0)

n=1 n=1 \ Cn—1

is a necessary and sufficient condition for the convergence of the series
> >

it | ua[KK'] |or2 - | MK P ’

provided that 0<p/2 <1, that is, 0<p<2.
By Carleman’s inequality(7),

© 2n © 12
Cn ol Cn P
S(2) < (=)

n=1 \ Co. n=1 \ Cn—1

on the other hand, since {c./c.1} is a decreasing sequence,

¢1 Ca c pl2n c pl2
<__.__. et ) > n ,
Cop C1 Cn—1 Cn—1
that is, since co=1,
/2
p/2n Cn ,
Cn = ( ) .
Cn—1
The series (3) and

a9 5@

therefore converge or diverge together. Thus (1’) converges if and only if
(3) converges; this completes the proof.

(") Hardy, Littlewood, and Pélya [7, p. 249].
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Part II. COMPOSITE KERNELS
2.1. Preliminary lemmas.
LeEmMA 1. Suppose that K (x, y) = K1 Ko(x, ), where K, and K, are L? kernels,

and Dgg:(N\) = Yo (—1)"c,A\" be the Fredholm determinant of KK'(x, y).
Then the series

°0

(15) 2|l
n=1
© Cn 1/2
(16 (=),
n=1 \ Cn—1

are both convergent.

The series 2 n; 1/|M[K1K:]| is known to be convergent(®); the con-
vergence of (15) then follows from Theorem 3, and the convergence of (16)
from the fact that (3) and (14) converge or diverge together.

LEMMA 2. Let P; denote the vector

Pi=P§n)=(slf‘)vs;‘),""sf(ti)) (i=1r21""m)’
and D; the domain defined by

a§s:-i)§b (j=1;2:"°’n)'

Write dP;=dsPds{ - - -ds¥. Let Ki(P;, Piya) EL¥(P;, Piyy) (6=1,2, - - -, m),
that 1s,

f f | Ki(Piy Pir) |2dPidPiyy = || Ki( Py, Pi)||? < o,
D¢V Din

where P,y =Py and Dy =Dy then

f f ...f IKI(PI’PZ)I.IKZ(P%Ps)l
DY D, Dp

v+ | En(Pm, P1)| dP1dP; - - - 4P < ] || Ki(Ps, Piyy)|.

t=1

A7)

We prove the result for m = 3; a similar proof holds for larger values of .
By Schwarz’s inequality,

f | K\(Py, Ps)| - | Ko(Ps, Ps)| dP; < F(P)G(Py),
Dy

(%) S. H. Chang [3, pp. 185-189].
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where

mm=f|mmhwwm
Dq

G*(Ps) = f | Ka(Ps, Ps) |2dPs.
Dy

Hence

f f | Ky(Py, Po)| - | Ka(Pa, Ps)| - | Ka(Ps, Pu)| dP2dP;
Dgyv D3

F(Py)-G(Ps)| Ks(Ps, P1)| dPs

Dg

= F(Pl){f | CED [P 3} . { f LIS |2dP3} .

1/2
= F(P) || Ka(Ps, Pa)ll{ f ) | Ko(Ps, Pl)lzdps}

Integrating both sides with respect to P over the domain D, we obtain

f f f | Ki(Py, Py)| - | Ka(Pa, Ps)| - | Ka(Ps, Py) | dP1dPsd Py
D1v DgvV Dg

< || Ka(Ps, P)|| f DIF(PI) { f N | Ks(Ps, Py) |2dP3} ap,

1/2
< || Ka(Pa, Ps)|| || Ks(Ps, Py {f | F(Py) l2dP1}
D,
= ”Kl(Ply Pz)” 'IIKz(P2. Ps)“ '.”Ka(Ps, Pl)“,
the required result.

LeEmMMA 3 (GENERALIZED CARLEMAN THEOREM). If m > 1, and each of the

Sfunctions Ki(x, v), Ka(x, 5), - - -, Ku(x, ¥) ts a real L* kernel, the Fredholm
determinant of the composite kernel :

K(x,y) = KiKs - - - Ku(%, )
i

1)”)\” n n n n
18) Dx(y = 32 & f f | K,(P{ ) PSP, P
D,V D,

n-=0 n ') ”

m

Kn(Pu, P17)-dPUAPY - - dPY,
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Ki(st st ), oo, Ka(st oy sa ™)
(19) KPS, Py =+ o o o o e e e e e e
K(sS, sy, e Kisd) sy

(1’= 1,2,"‘,"”),
and P, =PP =(s®, s, - - -, sM), and so on.

Carleman(®) has proved the formula (18) in the case when Kj, « + +, Ku
are all bounded in ¢=x=<b, a<y=b. In the general case, we note that
K(x, y)=KiK; - - - Ku(x, v) is of the form K(x, y) =AB(x, y), where 4(x, ¥)
and B(x, y) are both L? kernels; hence, by Schwarz’s inequality,

4869 s { [ e ot { [ "1 56,9 |2dy}m,

so that
b
[ 1486 | ax < 4G 136, 9] < + .

Hence, by a known result(1?), Dg(\) exists and is given by (18).

CorOLLARY. If K(x, y) is a real L? kernel, the Fredholm determinant of
KK'(x,y) s

1 ” hid n n n n
Drp() = 35 217 f f | k@, P& 'apap
n-O (n1)? DY Dy
(_1) " (n) (n)

0—(—11—!5;—”K(P1 , P

In particular, the integral

|x@®, PO = f f | k2", P& 'apap
1V D,

always exists.
2.2. Proof of Theorem 4. The Fredholm determinant of
KK'(%,y) = K1Ks + + - Kn(KiK3 - - - Kn)' (%, 3)
= (K1K2)(K3Ky) - - - (KiK3)(K:K1) (%, )
=A1ds - - - An(x, y),

say, is given by

(®) T. Carleman [1, p. 213].
(%) T. Carleman [1, p. 198].
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( 1) "xn n n n n
Dxxe(\) = f f AP, PO 4y(PS, P
D;vY Dy

n-0 (nt)™

An(P, PPV aPy”

m

.dPd

0

2 (—1)"A"ca(41ds - - - A,

n=0

say, where 4;(P{, P{?,) is defined as in (19).
By Lemma 2 we have

T, 2
1

i=1

| ca(KK) | = | ca(4142 - - Am) | g

n n 172
- ,)2I|A.(P.‘ ’ P.li)ll’}

TT| cnasdd |1,

t=1

where we are using, in general, ¢.(K) to denote the coefficient of (—1)"A\" in
the power series expansion of the Fredholm determinant Dg(\) of K(x, y).
Hence

Z I (KK |1/mn < Z Hl c,.(AiAi) Il/?mn.
1

n= n=1 t=1

Consequently, by a well known inequality (1),
5| a(®E) i 5 TT{ 5 entdutly es} !
Now, by Lemma 1,
f:ll on(4:d) |1 < + w (i=1,2--,m).
Consequently,
ill 6n(KK') [tmn < 4 oo,
and therefore, by Theorem 3,
od 1

2

= '_| kh[K] Iz-/_m < + 0,

(1) Hardy, Littlewood, and Pélya [7, p. 22].
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as we wished to prove.

2.3. Proof of Theorem 5. This now follows at once from Theorem 4 and
Theorem 1 with 7=2/m.

2.4. Proof of Theorem 6. It is known(*?) that if Q(x, y) is a continuous
semidefinite symmetric kernel, then there exists a symmetric L? kernel
A(x, y) such that

Q(xr y) = A2(xr )’) =f A(x, S)A(S, y)ds.

Hence any Pell kernel or, more generally, any kernel of the form K(x, y)
=(QL(x, y), where Q(x, y) has the above properties, can be expressed in the
the form K(x, y) =A%*L(x, ). The result now follows by taking m=3 in
Theorems 4 and 5.

APPENDIX

We recall(®®) that a necessary and sufficient condition for a real L2 kernel
K(x, y) to have a canonical decomposition into m factors is that

i 1

—_— .
& T 77

We therefore have:

THEOREM 7. If a real L* kernel K(x, y) has a decomposition K(x, y)
=K\K; - - - Ku(x, y) into m L? factors, then it has a canonical decomposition
into m factors.

Many results can also be proved showing that the smoother a kernel
K(x, y) is, the greater is the number of factors into which it can be decom-
posed. For instance, we have:

THEOREM 8. If K(x, y) is a real symmetric kernel, continuous in a <x <b,
asy=<b, and

'K (%, y)
ax"

1s continuous in the same square, then K(x, y) has a decomposition into at least
2r factors, so that we can write

K(x, y) = K:iK, - - - K3 (2, ).
For, by Weyl’s theorem (14),

(2) S. H. Chang [3, p. 189, Corollary 4.]
(%) S. H. Chang {3].
(") H. Weyl [17].
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nrtif2

lim ————— = 0.
e | Na[K]]
had 1

2

= | ALK |2

is thus convergent provided that (2/m)(r+1/2)>1, that is, m <2r+1. We
can therefore take m =2r, and the result follows.

All the above results can be extended to complex-valued kernels if we
define singular values and singular functions by the equations

éu(%) = M f K(x, y¥a(dy,  ¥a(x) =\ f K@, ©)ou(y)dy,

replace the kernel K'(x, y) = K(y, x) by the kernel K*(x, y) =K (y, x), and use
Hermitian kernels instead of real symmetric kernels.
The proof of Theorem 4 could also be carried out by using Hille and

Tamarkin’s formulae(%):

2 (=)= ) ) A®
DK:"'KM()‘) = E - < E Antg(Kl)Atpx(K‘l) . 'm'!(K"‘)

am0 (D™ G i
Drr) = 3 A ,))2 > larml,
=0 Gadin)
where
| k(KD » oy kiyin(K)
AR =+« « v v v e ,
Biiy(K), -+« kinin(K)

kii(K) = f " f bK(s, Hu:(s)u;(t)dsds,

{ui(x)} being an arbitrary complete orthonormal set of functions for the
interval (a, b). We then use the inequality for series corresponding to (17).

This allows us to replace the hypothesis of Theorem 6 by the condition
that Q(x, v) is an Hermitian semi-definite L? kernel such that

> k@] =

=1

For the series Yy, 1/ I)\h Q]I is then still convergent (1), and therefore
Q(x, y) is still expressible in the form Q(x, y) =A4%(x, ).

f (s, Hui(s)u;(H)dsdt| < + .

(1) Hille and Tamarkin [8, p. 33, Lemmas 6.2 and 6.3].
(*%) Hille and Tamarkin [8, p. 29, Theorem 5.1].




1949] DISTRIBUTION OF THE CHARACTERISTIC VALUES 367

REFERENCES

1. T. Carleman, Zur Theorie der linearen Integralgleichungen, Math. Zeit. vol. 9 (1921) pp.
196-217.

2. , Sur le genre du dénominateur D(N) de Fredholm, Arkiv for Matematik,
Astronomi och Fysik vol. 12 (1917).

3. S.H. Chang, 4 generalization of a theorem of Lalesco, J. London Math. Soc. vol. 22 (1947)
pp. 185-189.

4. 1. Fredholm, Sur une classe d'égquations fonctionnelles, Acta Math. vol. 27 (1903) pp.
365-390.

5. R. Gheorghiu, Sur l'éguation de Fredholm, Thesis, Paris, 1928.

6. J. Hadamard, Etude sur les propriétés des fonctions entiéres, J. Math. Pures Appl. (4)
vol. 9 (1893) pp. 171-215.

7. G. H. Hardy, J. E. Littlewood, and G. Pélya, Inequalities, Cambridge, 1934.

8. E. Hille and J. D. Tamarkin, On the characteristic values of linear integral equations,
Acta Math. vol. 57 (1931) pp. 1-76.

9. T. Lalesco, Un théoréme sur les noyaux composés, Bull. Acad. Roumaine vol. 3 (1915)
pp. 271-272.

10. S. Mazurkiewicz, Sur le déterminant de Fredholm. I1: Les noyaux dérivables, Comptes
Rendus des Séances de la Société des Sciences et des Lettres de Varsovie vol. 8 (1915) pp. 805-
810.

11. T. Mercer, Functions of positive and negative type and their connection with the theory of
integral equations, Philos. Trans. Royal Soc. London (A), vol. 209 (1909) pp. 415-446.

12. 1. Schur, Uber die charakteristische Wurzeln einer linearen Substitution mit einer An-
wendung auf die Theorie der Integralgleichungen, Math. Ann. vol. 66 (1909) pp. 488-510.

13. F. Smithies, The eigen-values and singular values of integral equations, Proc. London
Math. Soc. (2) vol. 43 (1937) pp. 255-279.

14. G. Valiron, Sur les fonctions entiéres d'ordre fini, Bull. Sci. Math. (2) vol. 45 (1921)pp.
258-270.

15. , Lectures on the general theory of integral functions, Toulouse, 1923.

16. G. Vivanti, Elemente der Theorie der linearen Integralgleichungen, Hannover, 1929.

17. H. Weyl, Das asymptotische Verteilungsgesetz der Eigenwerte linearer partieller Differen-
tielgleichungen, Math. Ann. vol. 71 (1912) pp. 441-479.

18. , Uber die asymptotische Verteilung der Eigenwerte, Nachr. Ges. Wiss. Géttingen,
1911, pp. 110-117.

FrrzwiLLiam Housg,
CAMBRIDGE, ENGLAND.




